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STRESS AND FAILURE ANALYSIS OF COMPOSITE PLATES
WITH A CIRCULAR HOLE SUBJECTED TO SHEAR LOADING.
PART 2: RESULTS AND DISCUSSIONS

This paper, the second part of two parts of a complete paper, presents the analytical and numerical results of stresses
around circular cutouts in anisotropic and isotropic plates under shear loading. The main aim of this study is to understand
the effect of the presence of cutouts on the stress concentration and failure mechanisms in composite laminates. The numerical
investigations are performed by means of the quadrilateral finite element of four nodes with thirty-two degrees of freedom.
The present finite element is a combination of two finite elements. The first one is a simple linear isoparametric membrane el-
ement and the second one is a high-precision rectangular Hermitian element. The analytical and finite element formulations
were presented in the first part of the paper. Several new examples are considered to demonstrate and affirm the accuracy
and the performance of the present element and to highlight the effect of some parameters on the stress distributions. The
numerically obtained results are found to be in good agreement with the analytical findings. On the other hand, first ply fail-
ure (FPF) strengths in laminates with and without holes are calculated by adapting the Hashin-Rotem, Tsai-Hill, and Tsai-Wu
failure theories. Finally, the numbers of the figures are obtained, using various Ey/E, ratio values, for the maximum positive
and negative stresses values located in the vicinity of the cutout versus the angular location of points, and for various fiber ori-

entation angles.
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INTRODUCTION

Composite materials have widespread applications
in aerospace and other industries where weight reduc-
tion and directional properties are the main criteria [1].
Circular cutouts are unavoidable in these materials to
satisfy the needs of the design. Cutouts change the me-
chanical behavior of structures and produce a highly
undesirable stress concentration around these cutouts
[2-8]. The accurate design of laminated plates with
notches requires the stress distribution to be determined
by means of appropriate methods [9]. Stress analysis
has received much attention from many researchers,
who have carried out their studies using different ana-
lytical and numerical approaches [10-13]. Significant
progress in analytical solutions for anisotropic struc-
tures with cutouts was achieved by Lekhnitskii [14]
and Savin [15]. These methods essentially generalize
the Muskhelishvili [16] method for resolving two-
dimensional problems of isotropic materials with com-
plex stress analysis. Some recent references for the con-
temporary application of these analytical methods can
be found in [17-21].

Recently, Dharmin et al. [22] and Nagpal et al. [23]
published review papers regarding recent analytical
methods and numerical techniques for the stress
analysis of composite laminated plates with cutouts.
As a result, only few investigations on laminated plates
under shear loading were found compared to numerical
investigations on plates under tensile loading. Thus,
most research studies have been performed employing
analytical approaches based on Lekhnitskii [14]
or Savin [15], whereas the only in-depth research work
based on the theoretical elasticity of Green and
Zerna [24] was published by Arslan [25]. His study
proposed a very simple analytical solution to determine
the stress distribution in single-layer plates. Arslan [25]
studied the fiber orientation angle effect on the stress
values located in the vicinity of circular cutouts in sin-
gle-layers, and their failure loads using Tsai-Hill [26]
and Hencky-von Mises failure criteria. On the other
hand, to determine the stress field in composite mate-
rial, the finite element method can be considered
a very powerful numerical tool to analyze the stress
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distribution in structures with cutouts of complicated
geometry. Some recent applications and references for
determining the stress concentration using the finite
element method can be found in [8, 27-42].

The current work calculates the stress concentration
numerically by means of the developed finite element.
Several numerical examples have been considered to
affirm the accuracy of the present finite element in
solving these kinds of problems. As examples, the
stress concentration factors (SCFs) in perforated sym-
metric laminates with different fiber orientation angles
are calculated. It is observed that the numerical findings
are found to be in good agreement in comparison to
those obtained using the analytical solution proposed
by Arslan [25]. This affirms the accuracy and the per-
formance of the proposed finite element formulation.
This study was carried out to gain better understanding
of the effect of the presence of notches on laminate
strength. The failure theories used in this investigation
are: Tsai-Wu (T-W) [43], Hashin-Rotem (H-R) [44]
and Tsai-Hill (T-H) [26]. The strength values obtained
using these theories are compared to each other in order
to show the differences between them.

DESCRIPTION OF THE PROBLEM

The SCFs developed in the vicinity of cutouts in iso-
tropic as well as in laminated plates, obtained numeri-
cally using the proposed finite element, were compared
with the analytical findings calculated using the analyti-
cal approach developed by Arslan [25]. The numerical
model used in this investigation is a square plate with
a side equal to L = 100 cm. The plate is weakened by
a circular cutout of radius R = 5 cm located in the center
of the domain. Using these dimensions, the plate in this
situation can be considered as an infinite plate and the
numerically obtained results can be compared to those
obtained analytically. The laminated plates are selected
to be symmetric. Each layer in the laminate has a thick-
ness equal to 0.1 cm. In this investigation, the elastic
material properties that we used in this study are given in
Table 1. E,, E, andv,, represent Young’s modulus and
Poisson’s ratio in the principal fiber directions, and
G,, represents the shear modulus.

TABLE 1. Material properties

NUMERICAL RESULTS AND DISCUSSION

Three numerical tests are proposed in the present
investigation in order to affirm the accuracy and the
efficiency of the present finite element. In the first nu-
merical test, isotropic plates with circular notches are
considered. The validity and the accuracy of the pro-
posed finite element formulation are proved by com-
paring the results obtained numerically with those
obtained using the exact analytical solution. The results
of the convergence study are tabulated in Table 2. The
second numerical example is considered to assess the
capability of the present formulation for evaluating
the stress distribution in symmetric laminated compos-
ite plates weakened by circular cutouts. In these tests,
the circumferential stress values at any point o located
on the edge of the notch are calculated. Laminated
plates with different fiber orientation angles are used.
The analytical and numerical findings are presented
in Figures 5-10 and tabulated in Table 3. Finally, single
layers with different ratios of E/E, are considered to
understand the effect of the anisotropic ratio on the
stress value. In these experiments, the stress distribu-
tion around a circular cutout is calculated using differ-
ent fiber orientation angles.

In the first test, for which exact solutions are avail-
able, isotropic plates subjected to shear loading are
considered. Since the strains and stresses are localized
in the region near the cutout, a graded mesh that facili-
tates capturing high gradients is used. As shown in
Figure 1, a very fine mesh, with smaller elements, is
adopted in the region of stress location, while the
remaining area, far from the notch region, is discretized
with a coarse mesh to reduce the computational
cost. This mesh refinement has been done in two
stages. The first stage accomplishes refining the
element size over the radial direction where the plate
edge is divided into 4, 5, 6, 8, and 10 elements, respec-
tively. The second stage accomplishes refining the
areas where stress peaks occur. The cutout edge is
divided into 10, 14, 20, 30 and 40 elements, respec-
tively. For several mesh configurations, the maximum
compressive SCF obtained using the present element
and the exact solution obtained by Eq. (22) are tabu-
lated in Table 2.

Elastic properties
Materials E, E, Gn b Y X ¥ s oo
[MPa] [MPa] [MPa] [GPa] [GPa] [GPa] [GPa] [GPa]
Isotropic 200 - 80 - - - - - 0.25
CF-T300 63.8 63.8 32 - - - - - 0.036
Woven glass-epoxy 15.8 15.8 2.8 - - - - - 0.25
Glass-epoxy 54.9 18.3 9.14 1055.5 28.1 1055.5 140.7 422 0.25
Graphite-epoxy 181 10.3 7.17 1500 40 1500 246 68 0.28
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Remark: It should be noted that the cutout edge is
divided also into 50 and 60 elements. However, the
results were stable and there was no improvement in
the results compared to 40 elements. Thus, 40 elements
are adopted in the region of stress localization to reduce
the computational cost.

Remark: To facilitate the comparison with the ana-
lytical results, uniform shear stress loading of 1 MPa is
applied at the edge of the plate. At the edges where the
plates were subjected to loading, each node “i” between
two elements takes a load equal to the sum of the halves
of the loads applied on the adjacent elements. For exam-
ple, node i supports a load S=(S1+S2)/2 x 1 MPa.
(see Fig. 1)

It is well shown from the convergence study (Table 2
and Fig. 2) that the proposed finite element presents
a very good convergence speed towards the analytical
solution, which indicates that the proposed finite ele-
ment can accurately calculate the SCF in an isotropic
plate under shear loading and the accuracy of the ele-
ment is verified.
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Fig. 1. Finite elements mesh of quarter of plate
TABLE 2. Results of convergence study
. Present element Arslan
Materials 25
@x10) | (5x14) | (6x20) | (8x30) | (10x40) | [25]
isotropic | —3.169 | =3.311 | =3.611 | —3.904 | —3.969 | —4.000
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Fig. 2. Mesh refinement results

One can see in Figure 2 that by increasing the num-
ber of elements in both radial and circumferential direc-

tions, the stress concentration increases until it reaches
the analytical value when the number of elements is
(10%40). This mesh configuration is adopted in the re-
maining study as it provides satisfactory results.

After validating the performance of the proposed
element, the second numerical test is considered to
assess the capability of the proposed element to deter-
mine the stress in laminated composite plates weakened
by a circular cutout. In these experiments, typical ana-
lytical and numerical results are presented to show the
effect of the composite material properties, shear load-
ing, fiber orientation, and anisotropic ratio on the stress
concentration values.

Fiber orientation effect

The fiber orientation angle has an essential effect on
the stress concentration and its location. To understand
the effect of the fiber orientation angles on the stress
distribution around notches, the stress function given
by Eq. (22) and its parameters are coded using
FORTRAN to illustrate the distribution of the circum-
ferential stress. Isotropic and three different composite
materials are considered in this investigation. The di-
mensions of the solution domain and the boundary
loading condition are similar to the square plate used in
the first test. In the present example, two graphite-
-epoxy and CF/T300 composite laminated plates are
studied. The laminated plates are chosen to be symmet-
ric cross-ply [0/90]s. In the second example, an eight-
layered woven glass-epoxy plate is considered. The
stacking sequence of the present symmetric laminated
plate is chosen to be [0/30/60/90]s. In addition to
the first two examples, a symmetric eight layered
glass-epoxy plate is also considered. In this example,
the stacking sequence of the proposed laminate is
[0/15/30/45]s. Different types of materials are used in
this investigation to see the effect of the material prop-
erties on the stress values. In the present investigation,
the maximum SCFs are calculated for each layer in the
laminate separately because the developed stresses in
all the layers will not be equal due to the effect of the
fiber orientation angle.

The stress distributions calculated in each particular
layer depending on the circumferential location are pre-
sented graphically in Figures 3-5. Circumferential an-
gle ¢ ranges between 0° and 180°. The stress distribu-
tions are obtained using the analytical stress function
proposed by Arslan [25]. For various composite mate-
rials, the maximum stress concentration values ob-
tained using the proposed finite element and the
analytical findings given by Eq. (22) are tabulated in
Table 3. Regarding the CF-T300 laminated composite,
it is noted that the variation in the stress concentration
values depending on the circumferential location is
exactly the same for both the top 8=0° and bottom
0 =90° layers. Also, when Figure 3 is examined, it is
observed that the maximum tensile and compressive
SCF in absolute value is 3.692 for 0° and 90° fiber
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orientation angles. The stress concentration curves are
smooth, and there is no sudden change in their slopes.
In the graphite/epoxy laminate, the situation is quite
different. The maximum values of stress concentrations
are more significant than the stress concentrations in
the CF-T300 laminate and the slope of the curves
changes abruptly.

TABLE 3. Stress concentration factors for various laminates
under shear load

Arslan [25] Present element
. Fiber Max. Max. Max. Max.
Laminated . . . . . .
lates orientation | tensile | compressive | tensile | compressive
p angle SCF SCF SCF SCF
Isotropic - 4.000 —4.000 3.969 -3.969
Graphite - 0° 6.498 —6.498 6.980 -5.120
epoxy 90° 6.498 —6.498 6.033 —4.398
0° 3.496 -3.496 3458 -3.194
“;0"3“ 30° 4482 —4.482 4281 -3.661
glass - -
epoxy 60 4482 —4.482 4258 -3.667
90° 3.496 -3.496 3477 -3.214
0° 4.184 —4.184 4.046 —3.846
Glass - 15° 4933 -3.571 4.856 -3.337
epoxy 30° 5512 -3.342 5292 -3.074
45° 5.727 -3.306 5.453 -3.002
0° 3.692 -3.692 3.934 -3.163
CF/T300
90° 3.692 -3.692 3.937 -3.165
124
101 [----GEO°
8 - —G-E 90°
————— CF/T300 0°
. 81 |----CcFm3o0090°
£ 4]
é 04— T T T —T—T " T "7 = 1
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z 2\ /!
= \ - / Angle (ex)
(7] 4 ~ T g |
/
-6 W
g
Fig. 3. Stress concentrations o, /S versus a for two laminate compo-

sites (graphite-epoxy and CF/T300)

In this case, the top and bottom layers have the
same maximum stress concentration value that equals
6.498, but unlike the previous case, the critical circum-
ferential angle, i.e. the location for which the maximum
stress concentration occurs, is not the same. Concern-
ing the woven glass-epoxy composite laminate, it is
noted that the variation of the stress concentration val-
ues depending on the circumferential location is exactly
the same for both the top & = 0° and bottom & =90°
layers.

Moreover, when Figure 4 is examined, it is ob-
served that the maximum tensile and compressive SCF
in absolute value is 3.496. The stress concentration
curves are smooth and there is no sudden change in
their slopes for both the top and bottom layers. For

Composites Theory and Practice 22: 4 (2022) All rights reserved

layers that have an orientation angle equal to 8 =30°
and @ =60°, the situation is quite different. The maxi-
mum values of stress concentrations are higher than in
both fiber orientation angles €=0° and 6 =90°, and
the slope of the curves changes abruptly. In this case,
these layers have the same maximum stress concentra-
tion value, which equals 4.482. Still, unlike the previ-
ous fiber orientation angles 0° and 90°, the critical
circumferential angle is not the same.

From Figure 5, it is noted that the maximum stress
concentration values are around 5.6 for both fiber ori-
entation angles @ =30° and & =45°. The critical
circumferential angle is around 8 =135°.

When the figures are examined altogether, the trend
of the curves changes regarding the circumferential
angle. These figures indicate that as the fiber orienta-
tion angle is increased, the critical region where the
stress values are the maximum moves to the end of the
horizontal axis.

For both the CF-T300 and woven glass-epoxy
plates, if one wants to explain why the stress variation
is exactly the same for d=0° and & =90°, it is be-
cause these two materials have the same modulus of
elasticity in the principal and transverse fiber direc-
tions. Also, one can immediately note that for two fiber
orientation angles symmetrical with respect to o = 45°,
the tensile stress takes the same maximum stress con-
centration values in two locations symmetrical with
respect to o =135°.

_0°
—30°
----60°
24 |----90

T T T T N

20 40 60 8d’ 100 120 140 160 180
’

Angle (&)

Stress concentrations

Fig. 4. Stress concentrations o, /S versus a for four layered woven
glass-epoxy composite
64
—0° |
44 15°
g 1 |- 30°|
2 o] |--- 45
g
2
g 0 T T T 77 T T =
2 N, 20 40 60 80 /£#100 120 140 160 180
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@ 24 NN e =
-4
Fig. 5. Stress concentrations o, /S versus a for four layered glass/

epoxy composite
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For different material composite plates, the maxi-
mum stress concentration value is 3.692 when CF-T300
(E\/E, = 1) was used; it is 4.482 when woven glass-
epoxy (E\/E, = 1) was used, while it is 5.727 when
glass-epoxy (E1/E, = 3) was used and it is 6.498 when
graphite-epoxy (E\/E, = 18) was used (see Table 3).
Firstly, one can directly note that as the (£/E,) ratio
increases, i.e. as the load carrying capacity of the fibers
increases, the stress concentration value also increases
because of more loads in the fibers. Secondly, it is well
observed in Table 3 that the values of the stress concen-
trations, when the CF-T300 material is considered, are
found to be the smallest compared to the stresses
obtained for the remaining materials under considera-
tion. As a result of this investigation, the stress concen-
tration is dependent on the anisotropic ratio. On the
other hand, one can see that the stress values obtained
by the present finite element are found to be in good
agreement compared to the analytical findings.

For a better understanding of the effect of fiber ori-
entation on the maximum stress values, an in-depth
study is proposed using woven glass-epoxy and glass-
-epoxy plates with differently oriented fibers. These
layered plates are subjected to shear loading. The ana-
lytical results are compared to the numerical findings
obtained using the proposed finite element.

The maximum values of the SCF developed in the
vicinity of the cutout corresponding to different fiber
orientation angles ranging between 0° and 90° with 5°
increments are presented in Figures 6 and 7. In both
these figures, one can see that the maximum values of
the tensile and compressive stresses, in both materials
under consideration, are affected considerably by
changing the fiber orientation angle and the obtained
results demonstrate its effect. It is again noted that the
maximum values of stress concentration are a function
of the fiber orientation angle and each layer has its
proper stress concentration. For single layered plates
subjected to shear loading conditions, it is observed
that by increasing the fiber orientation angle, both the
tensile and absolute compressive stresses increase until
they reach their maximum values for 6 = 45°, then they
decrease to reach their minimum values for 8 =90°.

—a— Max. SCF
- -4 - Present Element
- -~ - Min. SCF

| —— Present Element

Stress concentrations
o
|

w
-4 4 "i.. .,"'
came g Ca-E
--a-a-a-4
T T T T T T T T 1
0 10 20 30 40 50 60 70 80 90
Fiber orientation angle ()

Fig. 6. Stress concentration factors o, /S versus fiber orientation
angles for woven glass-epoxy plates

—=— Max. SCF

- - - Present Element
0+ - - - Min. SCF
—a— Present Element

Stress concentrations

Fiber orientation angle (&)
Fig. 7. Stress concentration factors o, /S versus fiber orientation
angles for glass-epoxy plates

On the other hand, for glass-epoxy plates the com-
pressive stress concentration decreases with the in-
crease in fiber orientation angle to reach the minimum
negative value at @=45° then it increases. One can
immediately note that the SCFs exhibit symmetric dis-
tribution with respect to 8 =45°. Moreover, one can
also see good agreement between the results given by
the analytic solution and those obtained by the present
element.

Effect of degree of orthotropy

As a result of our previous tests, the maximum
stress concentration value and the position where it oc-
curs vary as the fiber orientation changes. Additionally,
the stress concentration values also change depending
on the ratio of the elasticity modulus of the fiber direc-
tion to the transverse one E,/E,. Our effort now will be
focused on presenting a parametric study, which aims
at understanding the effect of anisotropic ratio £;/E, on
the values and positions of stress concentration around
notches in orthotropic composite plates. To show the
effect of this parameter on the stress distribution, three
different orientation angles are considered. Considering
these cases, the stress distributions are presented
graphically for €=0°(see Fig. 8a), 6=90° (see
Fig. 8b), and 8 =45°(see Fig. 8c) with different £\/E,
ratios. The material proprieties are taken as E, = 1,
G12= 0.5 and V2= 0.25.

The effect of anisotropic ratio E\/E; on the stress
concentration value for various fiber orientations is pre-
sented graphically in Figure 8. Using the glass/epoxy
material properties and by increasing the volumetric
ratio of the fibers, higher values of E|/E, can be
obtained. The stress concentration is significantly
affected by the increase in the anisotropic ratio for
6 =0°and 90°. It is observed that the stress concentra-
tion values increase by increasing the anisotropic ratio
(Figs. 8 a,b) and ratio E\/E, = 100 gives the highest
stress concentration value. From these figures, it is no-
ticed that the stress concentration curves exhibit
a symmetric distribution. The stress concentration

Composites Theory and Practice 22: 4 (2022) All rights reserved
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values are negative up to o = 90°, after which the val-
ues are positive and entirely symmetric with respect to
a =90°.
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Fig. 8. Stress concentration o, /S versus ¢« for different modulus

ratio E, /E, and fiber orientation: a) 6=0°,b) §=90°,
c) 6 =45°

In Figure 8a, the maximum stress concentration
value is around 13.58. The locations of the maximum
stress values of the negative and positive stresses are
near to o =90°. In Figure 8b, the maximum stress
concentration value is again 13.58 as in Figure 8a, but
the position where the maximum occurs is dissimilar in
the two cases. In the first case (Fig. 8a), the negative
and positive values are in the region of o =90°and in
the second case (Fig. 8b), the location of the maximum
negative value is around « =5° and the location of
the maximum positive value is around o =175°.
In both Figures 8a and 8b, the stress distributions
around the holes are not affected too much by the
change in the E/E, ratio, except in regions where
the maximum occurs. In areas far from the maximum
stress concentration position, the curves have practi-
cally the same slope and the stress concentration values

Composites Theory and Practice 22: 4 (2022) All rights reserved

are quite close for all the E1/E, ratios except the iso-
tropic plate case. When Figure 8c is examined, symme-
try cannot be observed as in Figures 8a and 8b.
In this case where the fiber orientation is 45°, the stress
concentration value increases up to 25.81, which is
greater than when 6 =0° and @ =90°. It is obviously
observed in Figure 8c that the increase in the E,/E,
ratio has no effect on the stress distribution around
the cutouts except regions around ¢ =135°, which
needs to be strengthened when fibers are designed to
have 6 =45°.

Effect of fiber orientation on failure load

The main aim of the present section is to study the
effect of the fiber orientation angle on the failure load.
Different failure theories have been used, including
Hashin-Rotem (H-R), Tsai-Hill (T-H) and Tsai-Wu
(T-H), to calculate the strength of glass-epoxy plates
subjected to shear loading conditions. Both glass-epoxy
laminates with and without holes have been considered
to see the effect of the presence of notches on the lami-
nate strength. The failure load has been calculated and
presented in Figure 9. Based on the FPF theory, the
minimum strength value will be taken as the failure
load. It is well known that one of the main characteris-
tics of laminate plates is that each layer can have dif-
ferent fiber orientation angles.

4004
350 4
300

250

Failure load

200

150

1004

50 T T T T T T T T 1
0 0 20 30 40 5 60 70 80 90

Fiber orientation angle ()

Fig. 9. Effect of notch presence and fiber orientation angles on failure
load of glass-epoxy laminates

To ascertain its effect, different fiber orientation an-
gles ranging from 0° to 90° with 5° increments are con-
sidered. The failure load for various fiber orientation
angles is calculated and compared to each other hand,
one can see which layer is the critical one and which
fails first in a laminated plate made with different fiber
orientations. The FPF load obtained for different layers
subjected to shear loading are presented in Figure 9.
In order to see the influence of the material properties,
a similar investigation is carried out using graphite-
epoxy laminates. It is well observed in the figures that
the obtained results using different failure theories are
almost the same and they have similar characteristics.
One can see from Figures 9 and 10 that when the
applied load is parallel or perpendicular to the fiber
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direction, the effect of the presence of circular cutouts
on the strengths of the plate is found to be maximum.
On the other hand, since graphite fibers are much
stronger than the glass fibers, the strength of graphite-
epoxy laminates is much higher than glass-epoxy lami-
nates.

500

400

300 ; ‘ [ =T
200~ T j T

100 T T T T T T T T 1

Failure load

Fiber orientation angle (4)

Fig. 10. Effect of notch presence and fiber orientation angles on failure
load of graphite-epoxy laminates

As shown in Figures 9 and 10, by increasing the fi-
ber orientation value, the failure load decreases until it
reaches the minimum value at & =45°, then it in-
creases to reach the maximum value at 8=90°. As
a last observation, the strength values for plates without
holes are much higher than those obtained for plates
with holes for both the materials under consideration.

CONCLUSIONS

The recently developed quadrilateral finite element
was used to predict the stresses in cross and angle-ply
laminates containing circular cutouts. Different plates
with different material properties were considered in
the present investigation to understand the behavior of
perforated laminated plates subjected to shear loading
conditions. The numerical results are compared to the
analytical findings obtained using the Arslan [25]
approach. By studying different examples, the results
obtained by the proposed element are in good agree-
ment with those obtained using the analytical solutions
given by Arslan. As a result of the present study the
stress concentration and failure load are highly depend-
ent on the fiber orientation angle for single plies under
external shear loading. The presence of a circular
cutout considerably decreases the strength of the plates
compared to unnotched plates. The strength degrada-
tion will be at the minimum when the fiber orientation
angles are equal to & =0°and 8 =90°.
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