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HOMOGENIZATION THEORY OF REGULAR CROSS-PLY LAMINATES

The paper concerns regular cross-ply fibre-reinforced-plastic (CP xFRP) laminates, i.e. a stack of plies of [0/90],s, n = 4
configuration. Each ply is a UD xFRP composite, i.e., an isotropic hardening plastic reinforced with long monotropic fibres
packed unidirectionally in a hexagonal scheme. The plies are identical with respect to their thickness and microstructure.
The considerations are limited to stress levels protecting geometrically and physically linear elastic behaviour of the material.
The study presents the homogenization theory of a regular CP xFRP laminates. The theory employs respective boundary-
value problems put on the representative volume element of the laminate: uniform tension in the x direction, uniform tension
in the z direction, pure shear in the xz plane, pure shear in the xy plane. The representative volume element is considered in
these problems under the following requirements: 1) elastic behaviour of the unhomogenized and homogenized representa-
tive volume element must be compatible with behaviour of the whole laminate, 2) the unhomogenized and homogenized rep-
resentative volume element satisfy the compatibility conditions put on the total stress and displacement states. A concept of
homogenization in each boundary-value problem contains the following steps: a) formulation of stress and strain components
of the homogenized representative volume element, b) formulation of constitutive equations of elasticity, c) formulation of
stress and strain components in each ply of 0° orientation before homogenization, d) formulation of stress and strain compo-
nents in each ply of 90° orientation before homogenization. The final analytic formulae for effective elasticity constants of the
laminate, describing an orthotropic model of the homogenized material, are presented. Based on the exact homogenization
theory of UD xFRP composites and the exact stiffness theory of regular CP xFRP laminates presented in this study, the authors
have written a computer programme in PASCAL for predicting the effective elasticity constants of these materials. As an
example, a regular CP U/E53 laminate of [0/90]ns, N = 4 configuration is considered. The matrix (E53 hardening plastic) is
made of Epidian 53 epoxide resin, reinforced with UTS 5631 carbon fibres produced by Tenax Fibers.
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TEORIA HOMOGENIZACJI REGULARNYCH LAMINATOW KRZYZOWYCH

Praca dotyczy regularnych laminatéw krzyzowych z matryca duroplastyczna, tj. laminatéw o konfiguracji warstw
[0/90]ns, N > 4. Kazda warstwa jest kompozytem wzmocnionym wiéknem dlugim jednokierunkowo, rownomiernie, w schema-
cie heksagonalnym. Warstwy s3 identyczne w zakresie grubosci i mikrostruktury. Rozwazania ograniczono do pozioméw na-
prezen gwarantujacych geometrycznie i fizycznie liniowe zachowanie si¢ materialu. Przedstawiono teori¢ homogenizacji roz-
patrywanego typu laminatow. Wyznaczono analityczne formuly okre$lajace efektywne stale sprezystosci laminatu modelo-
wanego w wyniku homogenizacji jako cialo ortotropowe. Wykorzystano odpowiednio dobrane zadania brzegowe odniesione
do reprezentatywnej objetosci laminatu: rownomierne rozciaganie w kierunku X, rownomierne rozciaganie w kierunku z,
czyste Scinanie w plaszczyznie Xz, czyste Scinanie w plaszczyznie Xy.

Reprezentatywna objetos¢ laminatu jest analizowana w odpowiednio dobranych zagadnieniach brzegowych przy spel-
nieniu nastepujacych wymagan: 1) sprezyste zachowanie si¢ reprezentatywnej objetosci laminatu przed i po homogenizacji
musi by¢ zgodne z zachowaniem calego laminatu, 2) reprezentatywna objetos¢ laminatu przed i po homogenizacji spelnia
warunki zgodnosci nalozone na pelny stan naprezenia lub przemieszczenia. Koncepcja homogenizacji w kazdym zagadnieniu
brzegowym zawiera nastgpujace etapy: a) sformulowanie stanu naprezenia i odksztalcenia reprezentatywnej objetosci lami-
natu po homogenizacji, b) sformulowanie rownan konstytutywnych sprezystosci, ¢) sformulowanie stanu naprezenia i od-
ksztalcenia w kazdej warstwie laminatu o orientacji 0° przed homogenizacja, d) sformulowanie stanu naprezenia i odksztal-
cenia w kazdej warstwie laminatu o orientacji 90° przed homogenizacja. Na podstawie $cislej teorii homogenizacji kompozy-
tow UD xFRP oraz §cislej teorii sztywnosci laminatow CP xFRP, sformulowanej w niniejszej pracy, napisano program kom-
puterowy w jezyku PASCAL do prognozowania wartosci efektywnych stalych sprezysto$ci tych materialow. Jako przyktad
przedstawiono wyniki obliczei laminatu regularnego CP U/E53 o konfiguracji [0/90]ns, n > 4. Matrycg jest duroplast E53
wytworzony z zywicy epoksydowej Epidian 53. Wzmocnienie kazdej warstwy stanowia wlokna UTS 5631 produkowane
przez Tenax Fibers.

Stowa kluczowe: regularne laminaty krzyzowe, homogenizacja, rownania konstytutywne sprezystosci, komputerowo
wspomagany algorytm
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INTRODUCTION

In the classic laminate theory a laminate is modelled
as a thin anisotropic plate of constant thickness, subject
to the Kirchhoff-Love kinematical hypothesis [1-3].
Each ply is homogenized and modelled as a monotropic
solid body. Arbitrary configuration of the plies induces
coupling between the membrane and plate states. How-
ever, the Kirchhoff-Love kinematical hypothesis is
mostly unsatisfied because of relatively low values of
the shear moduli. The elastic response of the laminate is
better simulated under the Reissner-Mindlin kinematical
hypothesis [4]. Reformulation of the classic laminate
theory to the first-order shear-deformation theory is very
sophisticated [5] but useless from the finite-element-
-method’s point of view. Nowadays, the finite element
method is the only effective tool to simulate the elastic
behaviour of laminate structures with shear deformation
taken into consideration. Preprocessors of CAE systems
require values of the effective elasticity constants (EECs)
of an anisotropic material modelling a laminate. These
values may be identified experimentally, but theoretical
analytical prediction of the EECs, using respective homo-
genization theory, is cheaper, easier and much more im-
portant in mechanics of laminates.

On the micromechanics level, a ply (a UD xFRP
composite) is modelled as a linearly elastic monotropic
continuum with the monotropy axis coinciding the direc-
tion of fibres’ alignment. The following assumptions are
adopted:

e each ply is a two-phase material,

e both constituents, a matrix and a fibre, are homoge-
neous,

e stresses are restricted to the levels protecting linear
behaviour of the constituents,

e there are considered quasi-static isothermal processes
in the normal conditions, i.e. the processes belong-
ing to the transition regime under the glass transition
temperature,

e a matrix is a chemically hardening plastic made of
a crosslinked polymer, modelled as an elastic isotropic
material,

 afibre is modelled as an elastic monotropic material
(isotropic, in particular),

 fibres have identical solid circular cross-section; they
are rectilinear and embedded uniformly in the matrix,
in a hexagonal scheme,

e preparation of the fibres protects perfect bonding of
the fibres to the matrix,

o residual stresses resulting from the manufacturing
process are neglected.

Each ply (a UD xFRP composite) is described in the
X1XoX3 - Cartesian coordinate system with x; - a mono-
tropy axis, and X,xz - a transverse isotropy plane. The
constituents are characterized by the following elasticity
constants: E, v (a Young’s modulus, a Poisson’s ratio

of the matrix), E,, E,, Vs,, V»1, G;, (longitudinal and

transverse Young’s moduli, Poisson’s ratios in respec-
tive planes, a shear modulus in the monotropy plane of
the fibre). The composite is also described by the fibre
volume fraction f. Monotropic continuum modelling the
homogenized ply is described by five independent effec-
tive elasticity constants (EECs), i.e., Eq, Ej, va, vo1, G2
(effective longitudinal and transverse Young’s moduli,
effective Poisson’s ratios in respective planes, an effec-
tive shear modulus in the monotropy plane). These con-
stants are derived in terms of elasticity constants of the
constituents and of the fibre volume fraction from the
exact homogenization theory summarized in Ref. [6].

On the mesomechanics level, a regular CP xFRP la-
minate can be modelled as a homogeneous orthotropic
continuum, described in the xyz - Cartesian coordinate
system. Axes X, y coincide the lamination directions of
respective groups of plies, whereas axis z is perpendicu-
lar to the xy midplane.

Standard constitutive equations of linear elasticity of
the homogenized (orthotropic) regular CP xFRP laminate
have the following well-known form [1-4]

£=So 1)
where

6=COI(O'X,O' 0410y, Oy, O'Xy)

ool ’ ) 0)
£=Co gx’gy'gz’ ?/yzlyle ?/xy

are stress and strain vectors in the xyz - system, i.e.: o,
oy, 0; - normal stresses, oy, ox,, oxy - Shear stresses, &,
&, & - directional strains, %, %, %y - shear strains. The
elasticity compliance matrix

S, S5, S;3 0 0 0O
g5 Sz S 00 0 3)
o o o s, 0 O
0 0 0 0 S5 O
|0 0 0 0 0 Sk
contains the following elasticity compliances
1 1 1
S11=—= S =— Sg3=—
X Ey Ez
14 14
S1p=- =, 513—‘h' 323=—ﬂ (4)
X Ex Ey
1 1 1
S4s==— Sss :G_' Ses G
yz Xz Xy

expressed in terms of the EECs of the homogenized la-
minate, i.e.
Ex Ey, E; - Young’s moduli in the X, Y, z directions,
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Vays Vax, Wyx - Poisson’s ratios in respective planes,
Gyz Gy, Gyy - shear moduli in respective planes.
For a regular CP xFRP laminate only six EECs take dif-
ferent values, i.e., Ey, E;, Vi, Wy Gyay Gy

THE EXACT HOMOGENIZATION THEORY
OF REGULAR CP xFRP LAMINATE

There is considered a representative volume element
(RVE) cut from the whole laminate at point A(x,y,0),
shown in Figure 1 for an exemplary value of n = 4. Before
homogenization, the RVE is a stack of plies of [0/90]s
configuration (n > 4) of cubicoidal global geometry.
After homogenization, the RVE is a homogeneous ortho-
tropic cubicoid of dimensions 1x1xh where h is a thick-
ness of the laminate. The orthotropy directions coincide
the x, y, z axes, respectively. The RVE is considered in
selected boundary-value problems (BVPs) under the
following requirements:

e elastic behaviour of the unhomogenized and homo-
genized RVE must be compatible with behaviour of
the whole laminate,

e the unhomogenized and homogenized RVE satisfy
the compatibility conditions put on the total stress
and displacement states.

In further considerations, a' denotes a quantity related
to the plies of 0° arrangement, a" - a quantity related to
the plies of 90° arrangement, and a - a quantity related
to the homogenized laminate.

h/2

0 1

7 90

0
hi2
90

90

\{<

90

Fig. 1. A representative volume of the laminate for an exemplary value
ofn=4

Rys. 1. Reprezentatywna objgtos¢ laminatu dla przyktadowej wartosci
n=4

A concept of homogenization in each BVP contains

the following steps:

a) formulation of stress and strain components of the
homogenized RVE,

b) formulation of constitutive equations of elasticity,

¢) formulation of stress and strain components in each
ply of 0° orientation before homogenization,
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d) formulation of stress and strain components in each
ply of 90° orientation before homogenization.

The first BVP is uniform tension in the x direction.
Following the behaviour of the whole laminate, the RVE
walls remain planar. The problem is related to the con-
strained RVE, namely, the walls parallel to the xz plane
are unmovable in the y direction. The shear deformations
vanish. The RVE satisfies the following compatibility
conditions:

1) compatibility of the stress resultant in the x-direction:

. .h
O'XE-I-O'X —

S =0 )

2) compatibility of the stress resultant in the y-direction:

"g =o,h (6)

+ 0 y

GYE y

3) compatibility of the elongation of the RVE in the
z-direction:
h .h
8254‘82 EZEZh (7)

Inserting the results of a), b), ¢), d) into the compatibili-
ty conditions (5), (6), (7) gives first three equations of
homogenization, i.e.:

E,+E,  2E,

- 2
1-vyvy, 1- Vix

Eivip + Epvpy 2B, vy

- 2
1-vyviy 1-vi

(8)

Varll+ Vi +Vap) + v, _ vy

1-vyvys 1- Vi

The second BVP is uniform tension in the z direction.
Following the behaviour of the whole laminate, the RVE
walls remain planar. The problem is related to the con-
strained RVE, namely, vertical walls are unmovable in
the x and y direction, respectively. The shear deforma-
tions vanish. The RVE satisfies the compatibility condi-
tion put on the elongation of the RVE in the z direction,
i.e.

h . h

&, E-FEZ E:gzh (9)
Respective insertions into Eq. (9) give fourth equation
of homogenization, of the form

1-2v,v1,(L+vgp) - vd, _1 2vy, (10)
Ez(l_‘/ZlVlZ) E, Ex(]'_vyx)

Equations (8), (10) constitute a set of four nonlinear
algebraic equations with unknowns Ey, E;, v, 1. One
can rewrite them to the form
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26,v,, =(1-v2 )e
2v, =(1-vy)c (11)
1 vy
E, El-vy
where
_EB+E Byt By b=f_ Epvip+ Eyvy
1-v,vyy ’ 1-vyvs ’ a E, +E,

c= Varll+ Vip+vas) + Vi 1-2v, 1,4 vgp) - v,

Jd=
E, (1_ V21V12)

(12)

1-vovi,

Solving analytically Eqgs. (11) results in first four EECs,
i.e.

1 2 a(1+b)

E, =-all-b?), E,=—""

X 2a( ) * a(l+b)d +c? (13)
1

Vo :Ec(l_ b), Vi =D

The third BVP is pure shear in the xz plane. Follow-
ing the behaviour of the whole laminate, shear deforma-
tions of the RVE before and after homogenization take
the form as shown in Figure 2. Shear angles related to
plies of 0° and 90° orientation are different and indepen-
dent. The horizontal walls of the RVE remain planar.
The strength task is related to the unconstrained RVE.
The bulk deformations vanish.

a) b) c)

e

h/2

h/2

~
N

=R R =R == R = =

1 [———

/
Y
/
(BN (RN

Fig. 2. Pure shear of the RVE in the xz plane: a) distribution of shear
stresses; b) deformation of the unhomogenized RVE; c) deforma-
tion of the homogenized RVE

Iz

Rys. 2. Czyste $cinanie reprezentatywnej objgtosci laminatu w plaszczy-
znie Xz: a) rozktad naprgzen stycznych; b) deformacja reprezenta-
tywnej objgtosci przed homogenizacja; c¢) deformacja reprezenta-
tywnej objgtosci po homogenizacji

The compatibility condition is put on the horizontal
shift of the top wall of the RVE, i.e.:

h h
= 14
VST h (14)

Inserting respective formulae for shear deformations
into Eq. (14) yields the equation

1 1 2

= (15)
G12 GZS ze

giving a shear modulus in the xz plane, i.e. the fifth EEC

o= ZGlZGZS (16)
Gy +Gys
The last BVP is pure shear in the xy plane. In the
horizontal plane, both groups of the plies are described
by the same Kirchhoff’s modulus Gy,. Shear deforma-
tions of the unconstrained RVE before and after homo-
genization are identical - a cubicoid metamorphoses
into a parallelepiped. It results in

NUMERICAL EXAMPLE

Based on the exact homogenization theory of UD
XFRP composites [6] and the exact stiffness theory of
regular CP XFRP laminates presented in this study, the
authors have written a computer programme in PASCAL
for predicting the ECCs of these materials.

As an example, a regular CP U/E53 laminate of
[0/90],s, N > 4 configuration is considered. The matrix
(E53 hardening plastic) is made of Epidian 53 epoxide
resin, reinforced with UTS 5631 carbon fibres produced
by Tenax Fibers. The elasticity constants of the constitu-
ents equal [7]

E=3.1GPa, v=0.42
E,=234 GPa, E,=6.6GPa
V3, =0.36, V7,;=0.11, G;,=10.6 GPa
The fibre volume fraction equals f = 0.50.
The EECs of a single ply, calculated according to
the homogenization theory presented in Ref. [6], equal
E,=118.6GPa, E,=5.4GPa
V32 = 0.54, V21= 0.27, G12 = 2.6 Gf)a
The EECs of the CP U/E53 laminate, calculated accord-
ing to the homogenization theory presented in this study,
equal
E,=E,=622GPa, E,=73GPa
Vi =Vyy =047, vy, =v, =002
G,,=G,,=21GPa, G, =26GPa

CONCLUSIONS

The paper concerns regular CP XFRP laminates, i.e.,
a stack of plies of [0/90],s, n > 4 configuration. Each

Kompozyty 9:2(2009) All rights reserved
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ply is a UD xFRP composite, i.e. an isotropic hardening
plastic reinforced with long monotropic fibres packed
unidirectionally in a hexagonal scheme. The plies are
identical with respect to their thickness and microstruc-
ture. The considerations are limited to stress levels pro-
tecting geometrically and physically linear elastic beha-
viour of the material.

The exact homogenization theory of a regular CP
XFRP laminate has been developed. Effective elasticity
constants of the homogenized orthotropic laminate have
been derived analytically from respective BVPs related
to the representative volume element of the laminated.

A computer-aided algorithm for calculation of the
effective elasticity constants of regular CP xFRP lamina-
tes has been formulated, programmed in PASCAL and
applied for a number of materials. A selected example
is presented in the study. Correctness, high accuracy
and practical usability of the algorithm has been con-
firmed.
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